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ABSTRACT: We prove that, in a general higher derivative theory of gravity coupled to
abelian gauge fields and neutral scalar fields, the entropy and the near horizon background
of a rotating extremal black hole is obtained by extremizing an entropy function which
depends only on the parameters labeling the near horizon background and the electric and
magnetic charges and angular momentum carried by the black hole. If the entropy function
has a unique extremum then this extremum must be independent of the asymptotic values
of the moduli scalar fields and the solution exhibits attractor behaviour. If the entropy
function has flat directions then the near horizon background is not uniquely determined
by the extremization equations and could depend on the asymptotic data on the moduli
fields, but the value of the entropy is still independent of this asymptotic data. We illustrate
these results in the context of two derivative theories of gravity in several examples. These
include Kerr black hole, Kerr-Newman black hole, black holes in Kaluza-Klein theory, and
black holes in toroidally compactified heterotic string theory.
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1. Introduction and summary

The attractor mechanism has played an important role in recent studies of black holes in
string theory [[l—-[]. According to this the geometry and other field configurations of an
extremal black hole near its horizon is to a large extent insensitive to the asymptotic data
on the scalar fields of the theory. More precisely, if the theory contains a set of massless
scalars with flat potential — known as the moduli fields — then the black hole entropy
and often the near horizon field configuration is independent of the asymptotic values of
these scalar fields.

Although initial studies of the attractor mechanism were carried out in the context
of spherically symmetric supersymmetric extremal black holes in supergravity theories in
3+1 dimensions with two derivative action, by now it has been generalized to many other
cases. These examples include non-supersymmetric theories, actions with higher derivative
corrections, extremal black holes in higher dimensions etc. [|-B9]. In particular it has



been shown that in an arbitrary theory of gravity coupled to abelian gauge fields, neutral
scalar fields and p-form gauge fields with a gauge and general coordinate invariant local
Lagrangian density, the entropy of a spherically symmetric extremal black hole remains
invariant under continuous deformation of the asymptotic data for the moduli fields [0, B1]],
although occasional discrete jumps are not ruled out. In a generic situation the complete
near horizon background is independent of this asymptotic data and depends only on the
charges carried by the black hole, but in special cases (which happen to be quite generic
in supersymmetric string theories) there may be some dependence of the near horizon
background on this asymptotic data.

Most of the studies on the attractor mechanism however have been carried out in the
context of spherically symmetric black holes — for some exceptions see [{d, 1, B4, E2).
The goal of this paper is to remedy this situation and generalize the study of the attractor
mechanism to rotating black hole solutions. Our starting point is an observation made
in [ that the near horizon geometries of extremal Kerr and Kerr-Newman black holes
have SO(2,1)xU(1) isometry. Armed with this observation we prove a general result that
is as powerful as its non-rotating counterpart. In the context of 3+1 dimensional theories,
our analysis shows that in an arbitrary theory of gravity coupled to abelian gauge fields and
neutral scalar fields with a gauge and general coordinate invariant local Lagrangian density,
the entropy of a rotating extremal black hole remains invariant, except for occasional jumps,
under continuous deformation of the asymptotic data for the moduli fields if an extremal
black hole is defined to be the one whose near horizon field configuration has SO(2,1)xU(1)
isometry. In a generic situation the complete near horizon background is independent of
this asymptotic data and depends only on the charges carried by the black hole, but
in special cases there may be some dependence of the near horizon background on this
asymptotic data.

The strategy for obtaining this result, elaborated in detail in section [, is to use the
entropy function formalism [B0, BIJ]. As in the case of non-rotating black holes we find that
the near horizon background of a rotating extremal black hole is obtained by extremizing
a functional of the background fields on the horizon, and that Wald’s entropy [[[4—-[7]] is
given by precisely the same functional evaluated at its extremum. Thus if this functional
has a unique extremum with no flat directions then the near horizon field configuration is
determined completely in terms of the charges and angular momentum, with no possibility
of any dependence on the asymptotic data on the moduli fields. On the other hand if the
functional has flat directions so that the extremization equations do not determine the near
horizon background completely, then there can be some dependence of this background on
the asymptotic data, but the entropy, being equal to the value of the functional at the
extremum, is still independent of this data. Finally, if the functional has several extrema
at which it takes different values, then for different ranges of asymptotic values of the
moduli fields the near horizon geometry could correspond to different extrema. In this case
as we move in the space of asymptotic data the entropy would change discontinuously as we
cross the boundary between two different domains of attraction, although within a given
domain it stays fixed. As in the case of non-rotating black holes, these results are valid
given the existence of a black hole solution with SO(2,1)xU(1) symmetric near horizon



geometry, but our analysis by itself does not tell us whether a solution of this form exists.
For this, one needs to carry out a more detailed analysis of the full solution along the lines
of [

Although in this paper we focus our attention on four dimensional rotating black
holes with horizons of spherical topology, the strategy outlined above is valid for extremal
black holes in any dimension with horizon of any compact topology, provided we define an
extremal black hole to be the one whose near horizon geometry has an SO(2,1) isometry.
The analysis is also valid for extremal black holes in asymptotically anti de-Sitter space as
long as Wald’s formula for black hole entropy continues to hold. In particular the proof that
the entropy of an extremal rotating black hole in any higher derivative theory of gravity
does not change, except for occasional jumps, under continuous variation of the asymptotic
values of the moduli fields is valid in this general context. All that changes is that when
we try to explicitly solve the differential equations which arise out of the extremization
conditions, we need to use boundary conditions which are appropriate to the horizon of a
given topology. Equivalently if we carry out the analysis by expanding various functions
describing the near horizon background in a complete set of basis functions, then we must
use basis functions which are appropriate to that given topology. We should note however
that as we vary the asymptotic values of the moduli fields, we must hold fixed all the
conserved charges appropriate to the particular near horizon geometry of the black hole.
This point has been elaborated further in footnote .

In section ] we explore this formalism in detail in the context of an arbitrary two
derivative theory of gravity coupled to scalar and abelian vector fields. The extremization
conditions now reduce to a set of second order differential equations with parameters and
boundary conditions which depend only on the charges and the angular momentum. Thus
the only ambiguity in the solution to these differential equations arise from undetermined
integration constants. We prove explicitly that in a generic situation all the integration
constants are fixed once we impose the appropriate boundary conditions and smoothness
requirement on the solutions. We also show that even in a non-generic situation where
some of the integration constants are not fixed (and hence could depend on the asymptotic
data on the moduli fields), the value of the entropy is independent of these undetermined
integration constants.

In section ] we specialize even further to a class of black holes for which all the scalar
fields are constant on the horizon. This, of course, happens automatically in theories
without any scalar fields, but also happens for purely electrically charged black holes in
theories without any F F type coupling in the Lagrangian density. In this case we can
solve all the differential equations explicitly and determine the near horizon background
completely, with the constant values of the scalar fields being determined by extremizing an
effective potential — the same potential that appears in the determination of the attractor
values in the case of non-rotating black holes [4]. We use these general results to compute
the entropy and near horizon geometry of extremal Kerr as well as extremal Kerr-Newman
black holes, and reproduce the known results in these cases.

In section f] we use a different strategy for testing our general results. Here we take
some of the known extremal rotating black hole solutions in two derivative theories of



gravity coupled to matter, and study their near horizon geometry to determine if they
exhibit attractor behaviour. We focus on two particular classes of examples — the Kaluza-
Klein black holes studied in [B§-p(] and black holes in toroidally compactified heterotic
string theory studied in [F1] (see, also, [fd] for a restricted class of such black holes).!
In both these examples, we find two kinds of extremal limits. One of these branches,
corresponding to the surface W in [§], does not have an ergo-sphere and can exist only
for angular momentum of magnitude less than a certain upper bound. We call this the
ergo-free branch. The other branch, corresponding to the surface S in [@], does have
an ergo-sphere and can exist for angular momentum of magnitude larger than a certain
lower bound. We call this the ergo-branch. On both branches the entropy turns out to be
independent of the asymptotic values of the moduli fields, in accordance with our general
arguments. We find however that while on the ergo-free branch the scalar and all other
background fields at the horizon are independent of the asymptotic data on the moduli
fields, this is not the case for the ergo-branch. Thus on the ergo-free branch we have the
full attractor behaviour, whereas on the ergo-branch only the entropy is attracted to a
fixed value independent of the asymptotic data. On general grounds we expect that once
higher derivative corrections originating at tree, loop, and non-perturbative level are taken
into account these flat directions of the entropy function will be lifted and we shall get a
unique near horizon background even on the ergo-branch.

2. General analysis

We begin by considering a general four dimensional theory of gravity coupled to a set of

abelian gauge fields Aff) and neutral scalar fields {¢s} with action

S= /d4x\/— detg L, (2.1)

where /—det g £ is the lagrangian density, expressed as a function of the metric g, the
scalar fields {®;}, the gauge field strengths F,Si) = 8MAl(f ) —&,A,(f), and covariant derivatives
of these fields. In general £ will contain terms with more than two derivatives. We consider
a rotating extremal black hole solution whose near horizon geometry has the symmetries
of AdSy x S'. The most general field configuration consistent with the SO(2,1) x U(1)
symmetry of AdSs x ST is of the form:

2
ds?* = g datda” = vi(0) (—r2dt2 + %) + 32 dO* + 5% 09 (0)(do — ardt)?
D, = uy(0)
1 7 v
3 F{)dat A da” = (e; — abi(0))dr A dt + 9pb;(0)d0 A (dp — ardt), (2.2)

where «, 0 and e; are constants, and vy, vy, us and b; are functions of . Here ¢ is a
periodic coordinate with period 27 and € takes value in the range 0 < § < 7. The SO(2,1)

!Both types of black holes are special cases of general black hole solutions in toroidally compactified
heterotic string theory and, as we show, various formula involving entropy and near horizon metric can be
regarded as special cases of general duality invariant formule for these quantities.



isometry of AdSs is generated by the Killing vectors [{3]:
Ly =0, Ly =10y — roy, Loy = (1/2)(1/r* + )0 — (tr)0y + (a/r)0s.  (2.3)

The form of the metric given in (R.) implies that the black hole has zero temperature.
We shall assume that the deformed horizon, labelled by the coordinates 6 and ¢, is a

2

smooth deformation of the sphere.® This requires

v2(0) = 62 + 0% for 6 ~0
= (=02 +0((r—0)") forf~mn. (2.4)

For the configuration given in (R.3) the magnetic charge associated with the ith gauge field
is given by

pi = / dIdoF,)) = 2m(bi(m) — b;(0)) . (2.5)

Since an additive constant in b; can be absorbed into the parameters e;, we can set b;(0) =
—p;/4m. This, together with (B.5), now gives
Di b
i(0) = —=— i(m) = —. 2.
Requiring that the gauge field strength is smooth at the north and the south poles we get
bi(6) = —f—; +O?) for §~0

— 5—;_ + O((m — 9)2) for  ~ 7. (2.7)

Finally requiring that the near horizon scalar fields are smooth at the poles gives

us(0) = us(0) + O(H%) for  ~0
= ug(m) + O((r — 0)?) for @ ~. (2.8)

Note that the smoothness of the background requires the Taylor series expansion around
6 = 0,7 to contain only even powers of # and (m — 6) respectively.

A simple way to see the SO(2,1) x U(1) symmetry of the configuration (2.2) is as
follows. The U(1) transformation acts as a translation of ¢ and is clearly a symmetry of
this configuration. In order to see the SO(2,1) symmetry of this background we regard
¢ as a compact direction and interprete this as a theory in three dimensions labelled by

2Although in two derivative theories the horizon of a four dimensional black hole is known to have
spherical topology, once higher derivative terms are added to the action there may be other possibilities.
Our analysis can be easily generalized to the case where the horizon has the topology of a torus rather than
a sphere. All we need is to take the 6 coordinate to be a periodic variable with period 27 and expand the
various functions in the basis of periodic functions of 8. However if the near horizon geometry is invariant
under both ¢ and 6 translations, then in the expression for L_; given in (@) we could add a term of
the form —(v/r)ds, and the entropy could have an additional dependence on the charge conjugate to the
variable . This represents the Noether charge associated with 6 translation, but does not correspond to
a physical charge from the point of view of the asymptotic observer since the full solution is not invariant
under 6 translation.



(4)

coordinates {2} = (r,6,t) with metric G, vectors a,, and a,, (coming from the ¢-m

)

component of the metric) and scalar fields ®,, ¥ = ggp and x; = Ag . If we denote by

f,(% and f,, the field strengths associated with the three dimensional gauge fields as,?
and a,, respectively, then the background (B.3) can be interpreted as the following three

dimensional background:

75 dr?
ds = Gmndz™ da" = v1(0) <—T2dt2 +— ) + 32 do?
T

q)s :us(e)’ 7/12521}2(9), Xi :bl(e)’
1, 1
5 £ de™ A dx™ = e; dr A dt, 5 fmnda™ A da™ = —adr Ndt. (2.9)

The (r,t) coordinates now describe an AdSs space and this background is manifestly
SO(2,1) invariant. In this description the Killing vectors take the standard form

L1 = 8,5, LQ = t@t - r@r, L_1 = (1/2)(1/7"2 + t2)8t - (tr)@r . (210)

Eq. (2.9) and hence (R.2) describes the most general field configuration consistent with
the SO(2,1) x U(1) symmetry. Thus in order to derive the equations of motion we can
evaluate the action on this background and then extremize the resulting expression with
respect to the parameters labelling the background (R.2). The only exception to this are
the parameters e; and « labelling the field strengths. The variation of the action with
respect to these parameters do not vanish, but give the corresponding conserved electric
charges ¢; and the angular momentum J (which can be regarded as the electric charge
associated with the three dimensional gauge field a,,.)

To implement this procedure we define:

Flas B, € v1(6), va(0), 7(6), 5(6)] = / d0d\/—det g L. (2.11)

Note that f is a function of «, 3, e; and a functional of v (), v2(0), us(6) and b;(6). The
equations of motion now correspond to>

of _, of _, 9f _ of  _ of 5f Sf

8a_J’ 83 =0 =0, =

0,

9 1 5@ =Y @ " sw)
Equivalently, if we define:

EL, T 0 8,8, 01(60), v2(0), @(0), 5(0)] = 27 (Ja+ 7+ & = fla, 3.8 01(0), v2(0), 7(0). B(0)] ) ,

(2.13)
then the equations of motion take the form:
o0& o€ o0& 0& o0& o0& o0&
0= " 257" 5, =" sv1(0) 0 Sua(0) 0 Sus(6) 0 5bi(0)
(2.14)

30ur definition of the angular momentum differs from the standard one by a — sign.



These equations are subject to the boundary conditions (2.4), (R.7), (B.§). For for-
mal arguments it will be useful to express the various functions of # appearing here by
expanding them as a linear combination of appropriate basis states which make the con-
straints (2.4), (R.7) manifest, and then varying £ with respect to the coefficients appearing
in this expansion. The natural functions in terms of which we can expand an arbitrary
¢-independent function on a sphere are the Legendre polynomials P;(cos 6). We take

v1(0) = Z’ﬁl(l) Pi(cosh), wy(f) =sin®6 +sin? 6 Z@(l) Py(cosb),
1=0 =0
us(6) = ; us(l) P(cos®), b;i(0) = —f—; cos f + sin? 6 ;EZ(Z) Py(cosb).

(2.15)

This expansion explicitly implements the constraints (R.4), (2.1) and (R.§). Substituting
this into (R.13) gives € as a function of J, q;, , 3, e;, v1(1), V2(1), (1) and b;(1). Thus

the equations (R.14) may now be reexpressed as

o€ o0& o0& o€ o€ o0& o€
AT R P T () R A () B R () R A
(2.16)

Let us now turn to the analysis of the entropy associated with this black hole. For this

it will be most convenient to regard this configuration as a two dimensional extremal black
hole by regarding the 6 and ¢ directions as compact. In this interpretation the zero mode
of the metric g, given in (@), with «a, 8 = r,t, is interpreted as the two dimensional

metric hqg:
1

ha,@ = 5/0 de sin@@aﬁ, (2.17)

whereas all the non-zero modes of g,z are interpreted as massive symmetric rank two tensor
fields. This gives

hagdxadxﬁ = vy (=r2dt® + dr? /r?), v; =01(0). (2.18)

Thus the near horizon configuration, regarded from two dimensions, involves AdSs metric,
accompanied by background electric fields fo(fg, and f,3, a set of massless and massive scalar
fields originating from the fields us(6), v2(0) and b;(6), and a set of massive symmetric rank
two tensor fields originating from vy (#). According to the general results derived in [i4—[7],
the entropy of this black hole is given by:

2
SBH = —8m & \ _hrr htt s (219)

SR

where R((fﬁ),y s 1s the two dimensional Riemann tensor associated with the metric h,g, and
S?) is the general coordinate invariant action of this two dimensional field theory. In taking
the functional derivative with respect to Rugys in (2.19) we need to express all multiple



covariant derivatives in terms of symmetrized covariant derivatives and the Riemann tensor,
and then regard the components of the Riemann tensor as independent variables.

We now note that for this two dimensional configuration that we have, the electric field
strengths fgﬁ) and f,g are proportional to the volume form on AdSs, the scalar fields are
constants and the tensor fields are proportional to the AdS; metric. Thus the covariant
derivatives of all gauge and generally covariant tensors which one can construct out of these
two dimensional fields vanish. In this case () simplifies to:

SBH = —O0nmTV — det h — V hm» htt (220)
oR"

rtrt

where v/—det h £?) is the two dimensional Lagrangian density, related to the four dimen-
sional Lagrangian density via the formula:

V—deth£® = /d@dgb\/—det L. (2.21)

Also while computing (B-20) we set to zero all terms in L£® which involve covariant deriva-
tives of the Riemann tensor and other gauge and general coordinate covariant combinations
of fields.

We can now proceed in a manner identical to that in [B{] to show that the right hand
side of (R.20) is the entropy function at its extremum. First of all from (R.1§) it follows

that
Rf,?"t =v1 =V =l . (2.22)

Using this we can express (P.2() as

(2)
Spn = —87vV_det i oL 5 R (2.23)
R

rtrt

Let us denote by £(2) a deformation of £2 in which we replace all factors of Rii;w for
a,B,7v,6 =r,t by )\R( ) and define

aBys’
D= VZdeth? (2:24)

evaluated on the near horizon geometry. Then

(9 (2 2)
Y — V=deth RQ)(SL—AL\/ deth R® 9L (2.25)

Ao a8 ol it o)

06'75 rirt

Using this (2:23) may be rewritten as
8f(2)
Spu = . : 2.26
BH X |\ (2.26)
Let us now consider the effect of the scaling

A— S\, e —se, a—sa, vi(l) —svi(l) for 0<I1< o0, (2.27)



under which )\R((fﬁ),y 5 52 )\Rgg,ﬁ{ 5+ Now since £?) does not involve any explicit covariant

derivatives, all indices of h*? must contract with the indices in fgﬁ), fas; Rgg’“/é or the
indices of the rank two symmetric tensor fields whose near horizon values are given by the
parameters v1(l). From this and the definition of the parameters e;, v1(1), and « it follows
that .C&Q) remains invariant under this scaling, and hence f)(\Q) transforms to s f)(\Q)7 with the
overall factor of s coming from the v/— det h factor in the definition of f >(\2). Thus we have:

onY | on | 08 s 0 R e
i ) =" = 2.2
Ao T e T 50 +l§”1()avl(z> 2 (2:28)
Now it follows from (R.11]), (2.21)) and (R.24) that
flev, 8.2,01(6), v2(6), (6). B(O)] = 1,2, (2:29)
Thus the extremization equations (P.12) implies that
— . —_— = = == 1 . 2.
e T Toa = w0 M (2.30)

Hence setting A = 1 in (R.28) we get

af>
A P

A — —eigi — Ja+ f2, = —eiqi — Ja+ fla, B, v1(0),v2(0),@(0),5(0)] . (2.31)

Eqgs. (B-26) and the definition (P:13) of the entropy function now gives
Spi =& (2.32)

at its extremum.

Using the fact that the black hole entropy is equal to the value of the entropy function
at its extremum, we can derive some useful results following the analysis of [Bd, BIl]. If
the entropy function has a unique extremum with no flat directions then the extremization
equations (R.14) determine the near horizon field configuration completely and the entropy
as well as the near horizon field configuration is independent of the asymptotic moduli since
the entropy function depends only on the near horizon quantities. On the other hand if
the entropy function has flat directions then the extremization equations do not determine
all the near horizon parameters, and these undetermined parameters could depend on
the asymptotic values of the moduli fields. However even in this case the entropy, being
independent of the flat directions, will be independent of the asymptotic values of the
moduli fields.

Although expanding various #-dependent functions in the basis of Legendre polynomi-
als is useful for general argument leading to attractor behaviour, for practical computation
it is often more convenient to directly solve the differential equation in 6. For this we shall
need to carefully take into account the effect of the boundary terms. We shall see this
while studying explicit examples.



3. Extremal rotating black hole in general two derivative theory

We now consider a four dimensional theory of gravity coupled to a set of scalar fields {®s}
and gauge fields A,(f) with a general two derivative action of the form:*

S= /d4x\/— detg L, (3.1)

L= R—hps(®)g" 0,050,®, — f1(D)g""g" F)FJ) — —f (8) (/= detg) e FQF)

(3.2)
where €P? is the totally anti-symmetric symbol with €7® = 1 and h,., fij and fij are
fixed functions of the scalar fields {®s}. We use the following ansatz for the near horizon
configuration of the scalar and gauge fields®

ds? = Q(0)2¢* O (—r2dt? + dr? /r? + 32d6%) + e 2O (dg — ardt)?
O, = uy(0)
lFﬁﬁdxﬂ Adx’ = (e; — abi(0))dr A dt + dgbi(0)d6 A (dp — ardt) (3.3)

with 0 < ¢ < 27, 0 < 0 < 7. Regularity at § = 0 and 6 = 7 requires that

Q(0)e??) — constant as § — 0,7, (3.4)
and
B0)e* D sinh —1  ash — 0,7, (3.5)
This gives
Q) — agsinf, ¥ m, as § — 0,
Q) — aysing, 0 ! as 0 — m, (3.6)

VBaysing’

where a¢ and a, are arbitrary constants. In the next two sections we shall describe examples
of rotating extremal black holes in various two derivative theories of gravity with near
horizon geometry of the form described above. However none of these black holes will be
supersymmetric even though many of them will be found in supersymmetric theories.

Using (B.2), (B.d) and (B.5) we get
E=2n(Ja+q-é— /d@d(b\/—detgﬁ)

= 2nJa + 27q - € — 4’ /da 2Q0(0) 171 (6))? — 29(0)5 — 2Q(0) 3L (4 (6))?

+50%0(0) ™ B — 570 ((0) s, (0)u (6) + ATy ((6) e — abs(0))1(6)

“In the rest of the paper we shall be using the normalization of the Einstein-Hilbert term as given in
eq. (E) This corresponds to choosing the Newton’s constant G to be 1/167.
SThis is related to the ansatz @) by a reparametrization of the 6 coordinate.

,10,



+2£55(a(0)) { 50) 12O e — abi(0)) e; — aby(0)) — 570A0)e bl (0)8(0) } ]

s [02(6)%2) sin 0 (9) + 26V () /Q(H))]Z: . (3.7)

The boundary terms in the last line of (B.7) arise from integration by parts in [ /= det g£.
Eq. (B.7) has the property that under a variation of Q for which §Q/Q does not vanish
at the boundary and/or a variation of ¢ for which 09 does not vanish at the boundary,
the boundary terms in 6 cancel if (B.6) is satisfied. This ensures that once the & is
extremized under variations of ¢ and Q for which dv and €2 vanish at the boundary, it is
also extremized with respect to the constants ag and a, appearing in (B.6) which changes
the boundary values of €} and . Also due to this property we can now extremize the
entropy function with respect to 3 without worrying about the constraint (B.§) since the
additional term that comes from the compensating variation in 2 and/or ¢ will vanish due
to £ and/or ¢ equations of motion.

The equations of motion of various fields may now be obtained by extremizing the
entropy function £ with respect to the functions (), 1(0), us(9), b;(#) and the parameters
e;, a, 3 labelling the near horizon geometry. This gives

4570 (0)/20) + 2571 (6)/26))? — 20 — 267 (W (6))” — 50°2(0) *pe
5 s (0(6) 11, (0)14,6)

+235(7(0)) { ~590) 220 (e; — abi(0))(e; — ab;(0)) — 57> Ob(0)8;(0) }

=0, (3.8)

45710(0)9"(0) + 4571 ()0 (0) - 2a°Q(0) " pe @
+2£i; (@(0)) { ~282(0) "' e 720 (e, — abi(0))(e; — aby(0)) —267"2(0)> O (O)1;(0) }
=0, (3.9)

2 (B71Q0) he((0))ul(0)) — B710)D, hs ((0) )iy (0),(0)
20, £15(i(0)) { BR0) e (e; — abi(0))(e; — ab;(6)) — 57 QO)* Vbi(0)b}(6) }
)

+40, f15(i1(0)) (e; — abi (0))1;(6)
=0, (3.10)

408 ,5(@(0))0(0) e 2O (¢; — aby(0)) + 457 (1 ((6)0(0)* b (0) )
—A40, iy ((0) )y (0)(e — by (6)) = 0. (3.11)

6= sn [ @0 [£,(@0)500) O e; — aby(0) + F@OHO)] . (312)
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J=2r / Cao [aQ(H)‘lﬁe“W) — 485 @0))2(0) e (e, — abi(0))bh;(6)
0

—4};]»(17(9))@(9)5;(9)} , (3.13)
/ doI(6)=0, (3.14)

1(6) = —2Q(0) 1 672((9)) — 20(9) + 292(0) 5 2(¢'(6))* + %0429(9)_16_41”(9)
+072Q(0) hys (@(6) Yy (8) i (6)
+2£35(@(0)) { 2(0) 7O (e — abi(0))(e; — ab;(0)) + B72O) Dbi(O)0;(0) } -
(3.15)
Here 7 denotes derivative with respect to 6. The required boundary conditions, following

from the requirement of the regularity of the solution at 6 = 0, 7, and that the magnetic
charge vector be p, are:

b(0) = -5, bi(m) =1 (3.16)
Q(0)e?® — constant as 6 — 0,7, (3.17)
B0)e* D sinh -1 ash — 0,7, (3.18)
ug(0) — constant as § — 0, 7. (3.19)
Using eqs. (B.§)-(B.11]) one can show that
') =0. (3.20)

Thus 1(6) is independent of 6. As a consequence of eq. (B.14) we now have
I1(0) =0. (3.21)
Combining eqgs. (B.§) and (B.21) we get
Q'+ 3*Q2=0. (3.22)
A general solution to this equation is of the form
Q= asin(40 + ), (3.23)

where a and b are integration constants. In order that Q has the behaviour given in (B.4)
for 6 near 0 and m, and not vanish at any other value of 8, we must have

b=0, (=1, (3.24)

and hence
Q(0) = asiné. (3.25)
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In order to analyze the rest of the equations, it will be useful to consider the Taylor
series expansion of u,(#) and b;(¢) around 6 = 0, 7

ur(6) = ur(0) + 50%(0) + -

wr(6) = () + 2 (6 — m)2ul () + -

2
Bi(6) = b1(0) + 567H/(0) + -+
Bu(6) = brlm) + 5 (6 — P () + - (3.26)

where we have made use of (.7), (B.§). We now substitute (B.26) into (B.11]) and study
the equation near # = 0 by expanding the left hand side of the equation in powers of 6
and using the boundary conditions (B.4). Only odd powers of 6 are non-zero. The first
non-trivial equation, appearing as the coefficient of the order  term, involves b;(0), b/(0)
and b)”(0) and can be used to determine b/ (0) in terms of b;(0) and b/(0). Higher order
terms determine higher derivatives of b; at 6 = 0 in terms of b;(0) and b/(0). As a result
b!(0) is not determined in terms of b;(0) by solving the equations of motion near § = 0
and we can choose b;(0) and b/(0) as the two independent integration constants of this
equation. Of these b;(0) is determined directly from (B.16). On the other hand for a given
configuration of the other fields, b7(0) is also determined from (B.16) indirectly by requiring
that b;(m) be p;/4m. Thus we expect that generically the integration constants associated
with the solutions to eqs. (B.11]) are fixed by the boundary conditions (B.16).

Let us now analyze egs. (B.1() and (B.21]) together, — eq. (B.9) holds automatically when
the other equations are satisfied. For this it will be useful to introduce a new variable

0
7 = Intan 3 (3.27)
satisfying p .
-
W e (3.28)

As 0 varies from 0 to 7, 7 varies from —oo to co. We denote by - derivative with respect
to 7 and rewrite eqs. (B.10) and (B.21)) in this variable. This gives

20%(hys(@)its)” — aOphys(@)istis + 4ady fi(T)(e; — ab;)b;
+2(9,~fl](ﬁ) {6721/}(62‘ - ozbl-)(ej - Oébj) - a2e2wbil}j} == 0, (329)
and
. 1
—2a? + 2% + 5(126747’0 + a2hrs(ﬁ)urus + 2f5 (1) x
X {efw(ei — ab;)(e; — abj) + a262wl}ibj} =0. (3.30)

If we denote by m the number of scalars then we have a set of m second order differential
equations and one first order differential equation, giving altogether 2m + 1 constants of
integration. We want to see in a generic situation how many of these constants are fixed
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by the required boundary conditions on i and . We shall do this by requiring that the
equations and the boundary conditions are consistent. Thus for example if ¥, {b;} and

{us} satisfy their required boundary conditions then we can express the equations near
=0 (or § =m) as:

202 (hystis) ~ 0, (3.31)

and
—2a% + a®hytiyig + 2a%0% ~ 0. (3.32)

Here h,s are constants giving the value of h,(@0) at @ = @(0) (or @ = @(w)). Note that
we have used the boundary conditions to set some of the terms to zero but have kept the
terms containing highest derivatives of 1) and u, even if they are required to vanish due to
the boundary conditions. The general solutions to these equations near § = 0 are

1.
us(0) ~cs +vst, Y(O)~c—T14/1— §hrsvsvs ) (3.33)

where ¢4, vs and ¢ are the 2m + 1 integration constants. Since 7 — —oo0 as 8 — 0, in order
that us approaches a constant value us(0) as # — 0, we must require all the vs to vanish.
On the other hand requiring that 1 satisfies the boundary condition (B.1§) determines c to
be —1In(2+/a). This gives altogether m+ 1 conditions on the (2m+ 1) integration constants.
Carrying out the same analysis near § = 7 gives another (m + 1) conditions among the
integration constants. Thus the boundary conditions on # and 1 not only determine all
(2m + 1) integration constants of (B.29), (B.30), but give an additional condition among
the as yet unknown parameters a, a and e; entering the equations.

This constraint, together with the remaining equations (B.19) and (B.13), gives alto-
gether n + 2 constraints on the n + 2 variables e;, a and «, where n is the number of

U(1) gauge fields. Since generically (n + 2) equations in (n + 2) variables have only a
discrete number of solutions we expect that generically the solution to eqs. (B.§)-(B.19) has
no continuous parameters.

In special cases however some of the integration constants may remain undetermined,
reflecting a family of solutions corresponding to the same set of charges. As discussed in
section [, these represent flat directions of the entropy function and hence the entropy
associated with all members of this family will have identical values. We shall now give a
more direct argument to this effect. Suppose as we go from one member of the family to
a neighbouring member, each scalar field changes to

wr(0) — up(0) + S, (0), (3.34)

and suppose all the other fields and parameters change in response, keeping the electric
charges ¢;, magnetic charges p; and angular momentum fixed:

e; — e +oe, a—a+da, B—B+08. (3.35)

Let us calculate the resulting change in the entropy £. The changes in ¢;, o, 8 do not
contribute to any change in &, since 0., = 0, 9,€ = 0 and 9g€ = 0. The only possible
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contributions from varying €2, v, b;, u, can come from boundary terms, since the bulk
equations are satisfied. Varying £ subject to the equations of motion, one finds the following

boundary terms at the poles:

68 = 872 | 57" Qs dus — 2ij(es — abi)ob; + 2fis { 57122} o
+67 (—207 160 + 2005 + 5(Q +20)) |0 n (3.36)

Terms involving 6b; at the boundary vanish since the boundary conditions (B.16), (B.24)

imply that for fixed magnetic charges 0b; and b, must vanish at # = 0 and § = 7. Our
boundary conditions imply that variations of €2 and 1) at the poles are not independent.
From the boundary condition (B.H) it follows that

0Q = —2Q (3.37)
at = 0, , while from (B.§) one can see that at the poles
s =0. (3.38)
Combining the previous two equations gives
5 = —2Q'5¢ (3.39)

at the poles. If we vary just  and ¢ one finds

O=m

S,y = 8m 371 [-207 160 + 200 51 + §()' +29)]
= 8n2071 [4Q/6¢ + 20059 + /52 + 269 ]) ¢

=0. (3.40)
Finally, the boundary terms proportional to du, go like,

Ja€ x [thu;aus]z. (3.41)
Since 2 — 0 as 8 — 0, m, these too vanish. Thus we learn that the entropy is independent
of any undetermined constant of integration.

Before concluding this section we would like to note that using the equations of motion
for various fields we can express the charges ¢;, the angular momentum J as well as the
black hole entropy, 1.e. the value of the entropy function at its extremum, as boundary
terms evaluated at = 0 and § = 7. For example using (B.11]) we can express (B.19) as

O=m

8T 5 =
q; = E {fier wb; — fij(ej — Oébj)} 0—0 (3.42)

Similarly using (B.9) and (B.11) we can express (B.13) as

n , B O0=m q;€;
J=— [QT,Z/ — Qfije*bibj + fijbi(ej - abj)]e:o 24

(3.43)
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Finally using (B.§), (B.9) we can express the entropy function £ given in (B.7) as

Q/ 9:71'
£ =8n? |20 + O0%e*¥ sin 6 (zp’ + 25>] (3.44)
6=0

Using eq. (B.29) and the boundary conditions (B.6) this gives,
£ =167a (3.45)

Using eqgs. (B.3)) and (B.2]) it is easy to see that & = A/4Gy where A is the area of the
event horizon. (Note that in our conventions G = 1/167). This is the expected result for
theories with two derivative action.

4. Solutions with constant scalars

In this section we shall solve the equations derived in section [ in special cases where there

are no scalars or where the scalars us() are constants:
u(f) = o . (4.1)

In this case we can combine (B.9), (B:21), (B-24) and (B-25) to get

2

sin? 0(¢" + (¢')?) + sin 6 cos 6y’ — %“26—41# —-1=0. (4.2)

The unique solution to this equation subject to the boundary conditions (B.1§) is:

i 2
o 26(0) _ 2asin” 6 ‘ (4.3)
2—(1—-+1—-a2)sin?6
We now define the coordinate £ through the relation:
2 1 o
= ——tan ————cosf |, 4.4
e= -2t (e cost) (1.4)
so that "
As 0 varies from 0 to m, £ varies from —&; to &, with &, given by
1 . _1
= —sin " «. (4.6)
o
In terms of this new coordinate &, (B.11]) takes the form:
d—§2(6i —ab;i(0)) + a“(e; —ab;(#)) =0. (4.7)
This has solution:
(e; — abi(0)) = A;sin (o€ + B;) (4.8)
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where A; and B; are integration constants. These can be determined using the boundary

condition (B.16)):
Di

A;sin(—a&y + B;) = e; + a A;sin(aép + B;) = e; — . (4.9)
s

78

This gives

4me; 4re;
B; = tan~! (— * tan(a& ) = tan "' <—7Z> ,
' ap; (ako) pivV1 — a2

€2 a2p? 1/2 €2 p2 \/2
A — i i _ (-G i . 4.10
<cos2(a£0) * 1672 sinz(a§0)> <1 —a? + 1671'2> (4.10)

Using (B.49) we now get:

q; = 167‘(‘2 <f”(ﬁ0) sinBj — ﬁj(ﬁo) CcoSs Bj) Aj

— 167 Z{f,j o) Ji + fii (i )i’;} . (4.11)

This gives A;, B; and e; in terms of a, «, iy and the charges ¢, p, J.
Substituting the known solutions for (6), 1(0) and b;(0) into eq. (B-21]) and evaluating
the left hand side of this equation at 6 = /2 we get

aV1—a?= ZfU (do)A;Aj cos(B; — Bj) wa {pzpj it } . (4.12)

1—a?

On the other hand (B.43) gives
J = 8mac. (4.13)

Since A;, B; and e; are known in terms of a, o, @y and ¢, p, J, we can use ([.17) and ({.13)
to solve for @ and a in terms of uy, ¢, p and J. (B.4H) then gives the black hole entropy in
terms of 4y, ¢, p and J. The final results are:

J? + Vs (to, 4, P)?
- J . o = VT2 Vegy(iio, 4. D) ’ (4.14)
\/J2 + V;ff(uo’q’m2 8m
and
Spr = 2m \[ T2 + Vagy (i, 4, 5)2 (4.15)
where
Vers(to, q,p) = —f”( 0)qid; +3 fzg (t@0)pip; (4.16)

is the effective potential introduced in [[]. Here f%(ip) is the matrix inverse of f;;(ip) and

G =qi — 4 fi;(do) p; - (4.17)

Finally we turn to the determination of . If there are no scalars present in the theory
then of course there are no further equations to be solved. In the presence of scalars we
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need to solve the remaining set of equations (B.10). In the special case when all the f;;
and ﬁ-j are independent of @ these equations are satisfied by any constant @ = 4y. Thus
iy is undetermined and represent flat directions of the entropy function. However if f;;
and fij depend on # then there will be constraints on uy. First of all note that since the
entropy must be extremized with respect to all possible deformations consistent with the
SO(2,1) x U(1) symmetry, it must be extremized with respect to . This in turn requires
that 4y be an extremum of Ve sf(to,q,p) as in [l]. In this case however there are further
conditions coming from (B.10) since the entropy function must also be extremized with
respect to variations for which the scalar fields are not constant on the horizon. In fact in
the generic situation it is almost impossible to satisfy (B.10) with constant @(#). We shall
now discuss a special case where it is possible to satisfy these equations, — this happens for
purely electrically charged black holes when there are no F F coupling in the theory (i.e.
when ﬁj(ﬁ) =0).5 In this case (f.10) gives

s €; €;
B- = — A = L = L 418
(2 2 9 (2 Cos(aé-o) m I ( )

and eqs. ({.10]), (E.§) give, respectively,

Ay = 1 fliin)as ei:”‘“fw 045 (4.19)

(e — abi(8)) = As cos(a€) = =< [ (iip)g; cos(ad)

2\/1 — a2+ (1—+1-a?)sin?0

fw( 0)4; 2—(1—-+v1-a?)sin®6

(4.20)
If following (B.16)) we now define:

Vers(U, @) = L — fY(@)aig; (4.21)

then substituting the known solutions for 2 and v into eq. (B.1() and using (f.20) we can
see that (B.10) is satisfied if the scalars are at an extremum g of V, Ffs Le.

O Vegp(to,q) = 0. (4.22)

With the help of (.19), eq. ({:12) now takes the form:

aVv'1—a?=

1
gl U 4.2
T 2f (tdo, @)qiq5 = - Verr(to, q), (4.23)

B J \/J2 Vers (T, D))°
VT2 + Vg i, ) 5

Clearly there are other examples with non-vanishing p; and/or ﬁ]’ related to this one by electric-

, (4.24)

magnetic duality rotation.
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J2 e u07q
Q= \/ il 4)) sin 6,

8
1 (2 + (Vegs(ito, ))*) sin® 0
A (14 cos?0) \/J2 eff(uo,cf)) +Veff(ﬁo,cj)sin29
Werp+ (4 /J2+ V2, —V.ps)sin?0
L fii (i), y ety ~ Vet 1) (4.26)

(ei = bi(0)) = ——f" (tdo)g;
1 -
G 2,/J2—|—V62ff ( J2—|-V62ff V) sin? @
Eq. (B.45) now gives the black hole entropy to be

, (4.25)

1= 2my T2+ (Vg (60, D)2 (4.27)

We shall now illustrate the results using explicit examples of extremal Kerr black hole

and extremal Kerr-Newman black hole.

4.1 Extremal Kerr black hole in Einstein gravity

We consider ordinary Einstein gravity in four dimensions with action

S = /d4x\/—detg£, L=R. (4.28)

In this case since there are no matter fields we have V. s (o, q) = 0. Let us for definiteness
consider the case where J > 0. It then follows from the general results derived earlier that

J

_q _J 4.29
a=1, a=2, (1.29)

J J sin?6
o= e —2p _ J SO 4.30
gr DY € 471+ cos28’ (4.30)

and

Spy = 2mJ. (4.31)

Thus determines the near horizon geometry and the entropy of an extremal Kerr black hole
and agrees with the results of [iJ].

4.2 Extremal Kerr-Newman black hole in Einstein-Maxwell theory

Here we consider Einstein gravity in four dimensions coupled to a single Maxwell field:
1
S = /d4m\/— detgl,  L=R— FuF". (4.32)

In this case we have f11 = %. Hence f! =4 and

2
- q
Veff(”&d) = 8_7T . (4.33)
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Thus we have

J? + (¢?/8m 2
o= J , a= 8( /8r) . (4.34)
T

2a sin® 0
e_zw _ a sin

1+ cos26 + ¢%sin? 6/ (871'\/ J? + (q2/87r)2>
Spi = 2m\/ J? + (¢2/87)%. (4.36)

The near horizon geometry given in ([£.34), ({.35) agrees with the results of [4J].
Comparing ([.24)-({.27) with (E.34)-(f.36) we see that the results for the general case

of constant scalar field background is obtained from the results for extremal Kerr-Newman

) = asind,

(4.35)

and

black hole carrying electric charge g via the replacement of ¢ by g.s; where
Gefr = 1/ 8™ Vers(to, q) - (4.37)

5. Examples of attractor behaviour in full black hole solutions

The set of equations (B.§)-(B.13) and (B.21]) are difficult to solve explicitly in the general
case. However there are many known examples of rotating extremal black hole solutions
in a variety of two derivative theories of gravity. In this section we shall examine the
near horizon geometry of these solutions and check that they obey the consequences of the
generalized attractor mechanism discussed in sections f| and .

5.1 Rotating Kaluza-Klein black holes

In this section we consider the four dimensional theory obtained by dimensional reduction
of the five dimensional pure gravity theory on a circle. The relevant four dimensional fields
include the metric g,,, a scalar field ® associated with the radius of the fifth dimension
and a U(1) gauge field A,. The lagrangian density is given by

L=R—2g"9,80,0 — >3 g"" F,,F,, . (5.1)

Identifying ® as ®; and A, as A}(}) and comparing (B.2) and (p.1]) we see that we have in
this example

h11 = 2, f11 = 62\/§<I> . (5.2)

Suppose we have an extremal rotating black hole solution in this theory with near
horizon geometry of the form given in (B.3). Let us define 7 = Intan(#/2) as in (8.27),
denote by - derivative with respect to 7 and define

x(0) =e—ab(d). (5.3)

Using (B-24) and (B-25) we can now express appropriate linear combinations of egs. (B.9) -
(B.11)) and (B.21) as

2
IR 5.0)
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b 4 v/3e2V3® {6727’06172)(2 —a 2y } =0 (5.5)
a2a~2e2V3- 2y | (ezﬁ‘b“%) = 0. (5.6)

o1 .
— 2a® + 2a%4)? + §a26_4w + 2a%®? + 2 {62‘/%_%)(2 + a2a_262*/§¢+2w)'<2} =0. (5.7)

Refs. [E§-F(] explicitly constructed rotating charged black hole solutions in this theory.
Later we shall analyze the near horizon geometry of these black holes in extremal limit and

verify that they satisfy eqs. (p.4)-(5-7)-
Next we note that the lagrangian density (b.1]) has a scaling symmetry:

OB+ Fu—e VPRE,. (5.8)

Since the magnetic and electric charges p and ¢ are proportional to Fy, and 0L/0F
respectively, we see that under the transformation (f.§), ¢ and p transforms to e\/§>‘q and
e*\/g’\p respectively. Thus if we want to keep the electric and the magnetic charges fixed,
we need to make a compensating transformation of the parameters labelling the electric and
magnetic charges of the solution. This shows that we can generate a one parameter family
of solutions carrying fixed electric and magnetic charges by using the transformation:

O d+A F,—e VP, Q-oeVPQ, P—eVPp, (5.9)

ns

where ) and P are electric and magnetic charges labelling the original solution. This
transformation will change the asymptotic value of the scalar field ® leaving the electric
and magnetic charges fixed. Thus according to the general arguments given in section [,
the entropy associated with the solution should not change under the deformation (f.9).
On the other hand since (b.§) is a symmetry of the theory, the entropy is also invariant
under this transformation. Combining these two results we see that the entropy must be
invariant under

Q- e V3Q, PeV3p. (5.10)

Furthermore if the entropy function has no flat direction so that the near horizon geometry
is fixed completely by extremizing the entropy function then the near horizon geometry,
including the scalar field configuration, should be invariant under the transformation (.9).

5.1.1 The black hole solution

We now turn to the black hole solution described in [i§-Fd]. The metric associated with
this solution is given by

———(dt — wd¢)* + 7V£pfqdr2 +/fpfadb* + Aivgfpfq sin? fd¢? (5.11)

P (p—2Mk)(G—2Mk)
pP+q 2

fp= r2+a%(00529—|—r(15—2MK)+
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Py (72 = AMR) (@ = AME) g

_ . cos 0 5.12
2(p+q) My (>12)
2, 2 2 - q (p—2Mk)(q—2Mk)
=r°+axcos®0+r(G—2Mg)+ ——
fa K (4 x) p+q 2
0/ - ) (@ - 1) 4
- cos 0 (5.13)
2(p+q) My
50+ AM2)r — My (5 — 2M5e) (G — 2M
- — \/ﬁ(pq—i— o f((p~ - K)(q K) aK sin2 0 (5.14)
20+ QA M
A =72 —2Mgr + a%{ (5.15)
A = 2 — 2Mgr + a% cos? 6. (5.16)

My, ag, p and ¢ are four parameters labelling the solution. The solution for the dilaton
is of the form

exp(—4®/V3) = % (5.17)
q
The dilaton has been asymptotically set to 0, but this can be changed using the transfor-
mation (f.9). Finally, the gauge field is given by

e, b—2Mg\  1ax |¢(F*—4Mg)
Ay =—f1 - 1
¢ ¢\ 17 T+ 5 +2MK G+ d) cos 6 (5.18)
P P
Ay = N cosH—fq_14\/7_Ta%<sin29(:osﬁ

ax [P (q> —4AME)
Mg\ 4(p+q)°

~ 5l im0 G5+ ) (r — M (p — 2Mi) + (5 — 4M3)]
(5.19)

where Q and P, labelling the electric and magnetic charges of the black hole, are given by,

Q* = 4r % (5.20)
P? = 477% (5.21)

The mass and angular momentum of the black hole can be expressed in terms of Mg, ax,
p and § as follows:”

M = 47 (G + p) (5.22)

172 P4+ AMF

J = dmax (p0)* o (5.23)

"In defining the mass and angular momentum we have taken into account the fact that we have Gn =
1/167. At present the normalization of the charges @ and P have been chosen arbitrarily, but later we
shall relate them to the charges ¢ and p introduced in section E
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5.1.2 Extremal limit: the ergo-free branch

As first discussed in [Bg], in this case the moduli space of extremal black holes consist
of two branches. Let us first concentrate on one of these branches corresponding to the
surface W in [[i§]. We consider the limit: Mg, ax — 0 with ax /M, § and p held finite.
In this limit ¢, p and ax /Mg can be taken as the independent parameters labelling the
solution. Then (p.20H5.23) become

M = 47 (§+p) (5.24)
2 _ gr 7
Q" =4 G+ (5.25)
2 _ gr P’
P2 =4 T (5.26)

J = dr D 9K pg). (5.27)

For definiteness we shall take P and () to be positive from now on.
In this limit A, A, f,, fq, w and A, become

N (5.28)
~2~
2 | = P q aK
=r"4+pr+——=|1———cosd 5.29
fr TR ( Mg > (529
~2~
2 q’p aK
=1l 4+ Gr+ ———o 1+—cos€> 5.30
a TR < Mg (530

aK sin26?_isin26?
24+ G Mg r 81 1

Ay = —% - <<7°—|— g) +% (&—Z) ﬁcos@) (5.32)

A¢ — _% [cos@—i—%fq_l sin20 <X4—I;> ﬁ((ﬁ‘i‘(j)rﬁ‘dﬁ) (5'33)

In order that the scalar field configuration is well defined everywhere outside the hori-

(5.31)

zon, we need f,,/f, to be positive in this region. This gives
aK S MK . (534)

This in turn implies that the coefficient of g4, being proportional to ﬁ/ \/ [pfq remains
positive everywhere outside the horizon. Thus there is no ergo-sphere for this black hole.
We call this branch of solutions the ergo-free branch.

5.1.3 Near horizon behaviour

In our coordinate system the horizon is at » = 0. To find the near horizon geometry, we
consider the limit
T — ST, t— st s—0. (5.35)
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Figure 1: Radial evolution of the scalar field starting with different asymptotic values at three
different values of §. We take P = Q = 4y/7, J = 167/3 for ®, = 0, and then change @, and P,
Q using the transformation (f.9).

Metric The near horizon behaviour of the metric is given by:

ds* = — r (dt — 9d¢)2 + v1(0) dr? + d6? 4+ sin® fdg? (5.36)
v1(0) r r2 ’
with 1 7
_ 1 - 202 _ 12 poc2 — 7 Gin2
v1(0) ll_r)r(l) folq . VvV P2Q? — J2cos? 0, b 5. Sin 6. (5.37)
By straightforward algebraic manipulation this metric can be rewritten as
2 52 2
9 a“sin“f 2 9 o o dr 9
ds” = @) (do — ardt’)” +v1(0) (—r dt"” + g + db > (5.38)
with
t'=t/a, (5.39)
1
a= Vv P2Q?% - J?, (5.40)

a=—J/\/P2Q> - J2. (5.41)

Gauge fields Near the horizon the gauge fields behave like

1
3 Fudatdx” =

2a/7 1 1 . (1—p?)
- dr Ndt' + —= Psin—————~—df A (d¢ — ardt’)| (5.42
Q (1+MCOS(9) 4\/7_'(' (1+,U,COSG)2 ( ¢ ) ( )

where
- i (5.43)
= PO .
Scalar Field In the near horizon limit the scalar field becomes
2
o—49/V3 _ P\3 PQ— Jcost (5.44)
r=M Q) PQ+ Jcost
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Figure 2: Scalar field profile at the horizon of the Kaluza-Klein black hole. We take P = Q = 4/,
J = 16m/3 for ®, = 0, and then change ®, and P, Q using the transformation (5.9). The figure
shows that the scalar field profile at the horizon is independent of ®..

Entropy Finally the entropy associated with this solution is given by
Sy = 47T/d9d¢), /00 Gop = 16m2a = 2w/ P2Q% — J2. (5.45)

We now see that the entropy is invariant under (5.10) and the near horizon background,
including the scalar field configuration given in (p.44), is invariant under the transformation
(5.9).® This shows that the near horizon field configuration is independent of the asymptotic
value of the modulus field ®. This can also be seen explicitly by studying the radial
evolution of ® for various asymptotic values of ®; numerical results for this evolution have
been plotted in fig. [. Fig. B shows the plot of ®(f) vs. # at the horizon of the black hole.

5.1.4 Entropy function analysis

The analysis of section shows that the near horizon field configuration is precisely of
the form described in eq. (B.J) with

o—20(0) _ 8m a?sin® 0 e—ab(f) = 2y/ma 1 ,
V/P2Q? — J2cos?f Q@ (1+ pcost)

2
ez _ (P 3 PQ — Jcost _ 1 /P202 _ J2 - J
¢ (Q) PQ+ Jcosf’ TS @ VP22 — 2

(5.46)

Q(0) = asiné,

We can easily verify that this configuration satisfies eqs. (5.4)-(b.7) obtained by extremizing
the entropy function.

8As described in eqs. (p.49), (), the charges ¢q, p are related to the parameters @), P by some
normalization factors. These factors do not affect the transformation laws of the charges given in (@),

(6-10).
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Using eq. (B.16) with values of hy; and f1; given in (5.3) we get

_1 e — ab(r e—« = PQ
and
p = [(e ~ab(m)) ~ (e~ ab(0))] = VT P. (5.48)
Eq. (B.42) now gives
8 [e2V3oy "
1= [ p—r ] =47 Q. (5.49)
0

Finally the right hand side of eq. (B.4J) evaluated for the background (f.46) gives the answer
J showing that we have correctly identified the parameter J as the angular momentum

carried by the black hole.

5.1.5 The ergo-branch

The extremal limit on this branch, corresponding to the surface S in [, amounts to
taking
aKg — M K (5.50)

in the black hole solution. Thus we have the relations

G(G> — AM? p(p? — AM? pG + AM?
Q2:47Tq(q~ ~K)’ P2:47Tp(p~ - K)7 J:47T\/qu:{_ ~K- (551)
P+ q) (P +q) (P+4q)
In order to take the near horizon limit of this solution we first let
r—r+ Mg (5.52)
which shifts the horizon to r = 0. Near the horizon A, A and w become
A = 2 (5.53)
A = —M3 sin? 0 + O(r?) (5.54)
w = —/p (1 +wr) + OF?) (5.55)
with )
pg + 4M
o= 24k (5.56)
20+ @) My

Note that A changes from being positive at large distance to negative at the horizon. Thus
gt changes sign as we go from the asymptotic region to the horizon and the solution has
an ergo-sphere. We call this branch of solutions the ergo-branch. Using eqs. (5.53)-(b.54)
we can write the metric as

M2 sin? 6

ds? = K52 7 N <dt+\/_1+wrdq§> fpfq< +d02——d¢> o (5.57)
pJq
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where - -- denote terms which will eventually vanish in the near horizon limit that we are
going to describe below. After letting

¢ — ¢ —t/\ip (5.58)
and taking the near horizon limit
r—sr, t— st 5s—0, (5.59)
the metric becomes
ds? = %(@m — wrdt)? + vi(0) (de + db? — M;ﬁdﬂ) (5.60)
where
vi(9) = lim Vo fa- (5.61)
Finally rescaling
t — Mg\/qpt (5.62)

the metric becomes of the form given in (B.3) with

2 _ MZpGsin? 0

QO = Mg+/pq si
KV P4 sm@, ’1)1(6) )

a=Mg @, (5.63)
Using eqs. (p.56) and (p.51]) we find that
J 1 , _ (J2 — P2Q?)sin?0
- QO=—4/J2—-P2Q?sinf = . (5.64
R ™ @m e TN

The scalar field ® becomes in this limit

e=42/V3 % , (5.65)
q

where f, and f; now refer to the functions f, and f, at the horizon:

B 2Mi) (- 2M) Py (PP —4ME) (@ - 4M)

— —MZsin? 0+ Mgp+—2— —— 0
Ir RS KT 5+ 2 2(p + §) o
(5.66)
~ ~ ~ 5 ~2 _ 2 ~2 2
o= M2 sin? 04 Myt q (p—QMK)(q—QMK)+Q\/(p 4MK) (q 4MK) st
‘ K Pt 2 2(p +q) '
(5.67)

The near horizon gauge field can also be calculated by a tedious but straightforward proce-
dure after taking into account the change in coordinates described above. The final result
is of the form given in (B.3) with

e—abf) = % (%g@ sin29—|—P\/g COSH) . (5.68)
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Figure 3: Radial evolution of the scalar field for an ergo-branch black hole starting with different
asymptotic values at five different values of . We take P = Q = 2,/7 and J = 4m/2 for ®,, = 0,
and then change @ and P, Q using the transformation (f.9).

This gives
_1 e —ab(m e— o = - PQ
p = [(e ~ab(m)) ~ (e~ ab(0))] = VT P, (5.70)
and V3 .
T 62 3D/
q:% [ sin9b] =4V Q. (5.71)
0

Finally, the entropy associated with this solution can be easily calculated by computing
the area of the horizon, and is given by

Spi = 2w \/J? — P2Q?. (5.72)

We have explicitly checked that the near horizon ergo-branch field configurations described
above satisfy the differential equations (.4)-(5.7)-

The entropy is clearly invariant under the transformation (f.10). However in this
case the near horizon background is not invariant under the transformation (f.g). One
way to see this is to note that under the transformation (f.10) the combination Mz pg =
(J? — P2QQ?)/647? remains invariant. This shows that My cannot remain invariant under
this transformation, since if Mk had been invariant then pg would be invariant, and the
invariance of J given in (p.51)) would imply that $ + ¢ is also invariant. This in turn
would mean that My, p and § are all invariant under (5.1() and hence P and @ would
be invariant which is clearly a contradiction. Given the fact that Mg is not invariant
under this transformation we see that the coefficient of the sin? 6 term in fp and f, are not
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Figure 4: Scalar field profile at the horizon for a black hole on the ergo-branch for different
asymptotic values of ®. We take P = Q = 2y/7 and J = 47y/2 for o, = 0, and then change ®.
and P, @) using the transformation (@) Clearly the scalar field profile at the horizon depends on
its asymptotic value.

invariant under (B.10). This in turn shows that 1, and hence the background metric, is not
invariant under the transformation (f.9). This is also seen from figures ff and ] where we
have shown respectively the radial evolution of the scalar field and the scalar field profile
at the horizon for different asymptotic values of ®. Nevertheless several components of the
near horizon background, e.g. ©(6) and the parameters a and e do remain invariant under
this transformation, indicating that at least these components do get attracted towards

fixed values as we approach the horizon.

5.2 Black holes in toroidally compactified heterotic string theory

The theory under consideration is a four dimensional theory of gravity coupled to a complex
scalar S = 51 + iS9, a 4x4 matrix valued scalar field M satisfying the constraint

0 I
MLMT =L, L= 2, (5.73)
L 0

and four U(1) gauge fields Aff) (1 <i < 4).2 Here I denotes 2 x 2 identity matrix. The

bosonic part of the lagrangian density is
1 - 1
czR—iwwjﬁﬁ@S+§wﬁw@Mm@Mm

1 . N1 A _ .
— 1 S2g" g FNLML) P + 4 $197 g " FOLyF), (5:74)

where

(i 1 -1 _pvpo 1(3
Fwwzigﬁdamlwﬂfy. (5.75)

9Actual heterotic string theory has 28 gauge fields and a 28x28 matrix valued scalar field, but the
truncated theory discussed here contains all the non-trivial information about the theory.
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General rotating black solution in this theory, carrying electric charge vector ¢ and magnetic
charge vector p, has been constructed in [pl]]. Before we begin analyzing the solution, we
would like to note that the lagrangian density (p.74) is invariant under an SO(2,2) rotation:

M — oM’ FY —;F) (5.76)

where €2 is a 4x4 matrix satisfying
QLo = L. (5.77)

Thus given a classical solution, we can generate a class of classical solutions using this
transformation. Since the magnetic and electric charges p; and ¢; are proportional to
FG(;) and 8£/3FT(Z) respectively, we see that under the transformation (5.76), pi — Q4;p;,
g; — (QT)Z._jlqj. Thus if we want the new solution to have the same electric and magnetic
charges, we must make compensating transformation in the parameters labelling the electric
and magnetic charges. This shows that we can generate a family of solutions carrying the
same electric and magnetic charges by making the transformation:

M—aMQT, FY) —QuF9), Q- fQ;, Pi— ;P (5.78)
where Q and P are the parameters which label electric and magnetic charges in the original
solution. This transformation changes the asymptotic value of M leaving the charges
unchanged. Thus the general argument of section [l will imply that the entropy must remain
invariant under such a transformation. Invariance of the entropy under the transformation
(5.76), which is a symmetry of the theory, will then imply that the entropy must be invariant
under

Qi — QLQ; Pi— QP (5.79)

On the other hand if there is a unique background for a given set of charges then the
background itself must be invariant under the transformation (p.7§).

The equations of motion derived from the lagrangian density (p.74) is also invariant
under the electric magnetic duality transformation:

aS+b
N
cS+d’

F;gi) — (eS) + d)Fﬁ) + cSQ(ML)ijﬁy) , (5.80)

where a, b, c,d are real numbers satisfying ad — bc = 1. We can use this transformation
to generate a family of black hole solutions from a given solution. From the definition of
electric and magnetic charges it follows that under this transformation the electric and
magnetic charge vectors ¢, p transform as:

qd— (aqd — bLp), p— (—cLq+dp). (5.81)

Thus if we want the new solution to have the same charges as the old solution we must
perform compensating transformation on the electric and magnetic charge parameters é
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and P. We can get a family of solutions with the same electric and magnetic charges but
different asymptotic values of the scalar field S by the transformation:

S+b _ A . - . L. .
— Z 5 j: L F{) — (cS1+d)F\) +cSo(ML); F), @ — d@+bLP, P — cLQ—(i—aP).
5.82

Arguments similar to the one given for the O(2,2) transformation shows that the entropy

must remain invariant under the transformation
Q —dQ +bLP, P —cLQ+aP. (5.83)

Furthermore if the entropy function has a unique extremum then the near horizon field
configuration must also remain invariant under the transformation (5.82).

5.2.1 The black hole solution
Ref. [B1]] constructed rotating black hole solutions in this theory carrying the following

charges:
0 P
Q2 0
= , P= ) 5.84
e=|% P (5.84)
Q4 0

These black holes break all the supersymmetries of the theory. In order to describe the
solution we parametrize the matrix valued scalar field M as

Gt -G™'B
M= <BG1 G- BGlB) (5.85)

where GG and B are 2 x 2 matrices of the form
G G12> ( 0 Bl2>
G= , B = . 5.86
<G12 G2z —Bi2 0 (5.86)
Physically G and B represent components of the string metric and the anti-symmetric
tensor field along an internal two dimensional torus. The solution is given by

(r + 2msinh?8,) (r + 2msinh?8y) + 12cos?d

G - ’
H (r + 2msinh?83) (r + 2msinh?8y) + [2cos20
Gro 2mlcosf(sinhdscoshdysinhd; coshdy — coshdsgsinhdcoshdysinhds)
2 (7 + 2msinh?83) (r + 2msinh?dy) 4 12cos2 ’
G — (r + 2msinh?83) (r + 2msinh?8;) + 12cos?d
2 (r + 2msinh?63) (r + 2msinh?5y) 4 12cos260’
B — 2mlcosf(sinhdzcoshdycoshdysinhde — coshdgsinhdsinhdy coshds)
2 (7 + 2msinh?83) (r 4+ 2msinh?dy) + 12cos26 ’
1
A2
ImS = ,
" (r + 2msinh?83) (r + 2msinh?6,) + [2cos20
2 202 2 2
9 A1 1% —=2mr+[*cos?0 dr 5  sin“f )
ds® = A2[— A dt* + T o 1 2 +do* + A {(r + 2msinh=03)

x (r 4+ 2msinh?6,) (r + 2msinh?8,) (r + 2msinh?dy) 4 1%(1 + cos®0)r? + W
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4ml
+ 2mi?rsin®0}d¢® — %{(coshégcosh54cosh51coshég
— sinhdssinhdysinhd;sinhdy)r + 2msinh5351nh54sinh51sinh52}Sin29dtd¢],
(5.87)

where

A = (r + 2msinh?3)(r + 2msinh?d,) (r 4+ 2msinh?6;)(r 4+ 2msinh?s,)
+ (20%r* + W)cos?0),
W = 2ml2(sinh253 + sinh?d, + sinh?8; + sinh252)r
+ 4m2l2(2005h5300$h54cosh51 coshdssinhdssinhd,sinhdy sinhdg
— 92sinh?d5sinh?d,sinh?6;sinh?, — sinh?d,sinh?d;sinh?ds (5.88)
— sinh?d3sinh?6;sinh?ds — sinh?d3sinh?d,sinh?dy — sinh25gsinh254sinh251) + *cos?6.

a, m, 81, 62, 03 and 4 are parameters labelling the solution. Ref. [F1] did not explicitly
present the results for Re S and the gauge fields.

The ADM mass M, electric and magnetic charges {Q;, P;}, and the angular momentum
J are given by:!0

M = 8« m(cosh261 + cosh?8y + cosh?d5 + Cosh254) — 167 m,
Qs = 4 2rm coshdysinhd, Q4= 4 2rm coshdasinhdsg,
P = 4V2rm coshdzsinhds, Py =4V21rm coshdysinhdy,
J = —16m Im(coshd;coshdscoshdzcoshdy — sinhdysinhdosinhdgsinhdy). (5.89)

The entropy associated with this solution was computed in [F1] to be
4 4 4 4
Spp = 3212 [mZ(H cosh §; + H sinh 6;) + mv/m? — l2(H cosh §; — H sinh 62)] . (5.90)
i=1 i=1 i=1 i=1
As in the case of Kaluza-Klein black hole this solution also has two different kinds of
extremal limit which we shall denote by ergo-branch and ergo-free branch. The ergo-branch
was discussed in [B]].

5.2.2 The ergo-branch

The extremal limit corresponding to the ergo-branch is obtained by taking the limit [ — m.
In this limit the second term in the expression for the entropy vanishes and the first term
gives

Spy = 2w \/J2 4+ Q2Q4 P Ps . (5.91)
Now the most general transformation of the form (p.79) which does not take the charges
given in (p.84) outside this family is:

(5.92)

10T defining M and J we have taken into account our convention G = 16, and also the fact that our
definition of the angular momentum differs from the standard one by a minus sign. Normalizations of @
and P are arbitrary at this stage.
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for real parameters v, 8. This gives
PL—e P, Ps—e'Ps, Qy—e’Qy Qu— e PQy. (5.93)

On the other hand most general transformation of the type (5.83) which keeps the charge
vector within the same family is
a b a 0
= . 5.94
< c d) < 0 a ! > ( )

P —aP, Py—aP;, Q2—a Qs Qi—a Q. (5.95)

This gives

It is easy to see that the entropy given in (5.91) does not change under the transformations

E93). (.99)-"
After some tedious manipulations along the lines described in section p.1.5, the near
horizon metric can be brought into the form given in eq. (B.3) with

1 1
Q=—VJ2+QuQuP Pssinf, e =—2(J+QyQuP P3) sin?0 A"/
8 6472
J

a == )
V2 + Q2Q4P1 Ps

where A has to be evaluated on the horizon r = m. We have found that the near horizon

(5.96)

metric and the scalar fields are not invariant under the corresponding transformations

(.78) and (p.89) generated by the matrices (5.93) and (5.94) respectively, essentially due
to the fact that A is not invariant under these transformations. This shows that in this

case for a fixed set of charges the entropy function has a family of extrema.

5.2.3 The ergo-free branch

The extremal limit in the ergo-free branch is obtained by taking one or three of the é;’s
negative, and then taking the limit |§;| — oo, m — 0, I — 0 in a way that keeps the Q;, P;
and J finite. It is easy to see that in this limit the first term in the expression (5.9() for

the entropy vanishes and the second term gives!'?

Spr = 2m\/—J? — QaQuPPs. (5.97)

Again we see that Spy is invariant under the transformations (5.93), (5.99).

On the ergo-free branch the horizon is at » = 0. The near horizon background can be
computed easily from (f.87) following the approach described in section and has the
following form after appropriate rescaling of the time coordinate:

1 dr?
ds? = —\/=QuQuPiPy — > cos” 0 (—r2dt2 + 5+ d92>
T T

1 —QQuP Py —J?
8T /—Q2Q4 Py P3 — J2cos? 6

sin? 6 (d¢ — ardt)?, (5.98)

"Asin (p.49), (), the parameters P, ( are related to the charges p, ¢ by some overall normalization
factors. These factors do not affect the transformation laws of the charges given in (), ()
2Note that the product Q2Q4P; Ps is negative due to the fact that an odd number of §;’s are negative.

,33,



Q2Q4  J?cos26
ImS = |- _ : 5.99
\/ PPy (P Ps)? (599)

Ps Jcost | Q2 Q2 J cosf
G — - _ Xz = |=x= By = 5.100
11 ik 12 POy |04l 22 0.l 12 PO ( )
where
o =—J/\/—Q2Q4P,Ps — J2. (5.101)

It is easy to see that the background is invariant under (5.79) and (f.82) for transformation
matrices of the form described in (5.99) and (f.94).

5.2.4 Duality invariant form of the entropy

In the theory described here a combination of the charges that is invariant under both

transformations (f.79) and (p.89) is

D = (Q1Q3 + Q2Qu4)(P1Ps + PyPy) — —(Q1 Py + Q2P + Q3Ps + QuPy)* . (5.102)

1

4
Thus we expect the entropy to depend on the charges through this combination. Now for
the charge vectors given in (5.84) we have

D =Q.Q4PPs. (5.103)
Using this result we can express the entropy formula (5.91) in the ergo-branch in the duality

Spg =2nVJ2+D. (5.104)

On the other hand the formula (5.97) on the ergo-free branch may be expressed as
Spy =27V —-J2—D. (5.105)

We now note that the Kaluza-Klein black hole described in section (b)) also falls into
the general class of black holes discussed in this section with charges:

invariant form [51]:

Q P
0 0
Q=12 o | P=V2 E (5.106)
0 0
Thus in this case
D =—-P%Q?. (5.107)

We can now recognize the entropy formulee (5.45) and (f.72) as special cases of (f.105) and
(6.104) respectively.

Finally we can try to write down the near horizon metric on the ergo-free branch in
a form that holds for the black hole solutions analyzed in this as well as in the previous
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subsection and which makes manifest the invariance of the background under arbitrary

transformations of the form described in (5.7§), (b.83). This is of the form:

1 dr?
ds? = —+/—D — J%cos?§ <—r2dt2 + 4 d92>
T

- 8
+— sin“ 6 (d¢ — ardt)”, 5.108
8T /=D — J?cos2 6 (d¢ ) ( )
where
= —— Ji (5.109)
5 .

(5.38) and (5.9§) are special cases of this equation.
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